Abstract. For a unital ring, it is an open question whether flatness of simple modules implies all modules are flat and thus the ring is von Neumann regular. The question was raised by Ramamurthi over 40 years ago [15] who called such rings SF-rings (i.e., simple modules are flat). In this note we show that a SF Steinberg algebra of an ample Hausdorff groupoid, graded by an ordered group, has an aperiodic unit space. For graph groupoids this implies that the graphs are acyclic. Combining with the Abrams-Rangaswamy Theorem [2] , it follows that SF Leavitt path algebras are regular, answering Ramamurthi's question in positive for the class of Leavitt path algebras.
Introduction
There is a substantial amount of literature on characterising a ring in terms of certain properties of its simple modules such as [12, 14] . In 1975, Ramamurthi [15] considerd left (right) SF-rings whose left (right) simple modules are flat. It is known that a ring with unit is von Neumann regular if and only if all modules are flat [11, Corollary 1.13] . In [15] , Ramamurthi raised a question whether flatness of all left (right) simple modules implies that the ring is von Neumann regular. Since then, SF-rings have been extensively studied by many authors and the regularity of SF-rings which satisfy some certain additional conditions is established (see for example [16, 19] ). The question whether SF-rings are von Neumann regular is still open.
In the last decade, Leavitt path algebras of graphs were introduced as an algebraisation of graph C * -algebras [1] . Quite recently Steinberg algebras were introduced as an algebraisation of the groupoid C * -algebras [7, 17] . Steinberg algebras include Leavitt and inverse semigroup algebras (see [10, 17] ). These classes of algebras have been attracting significant attention.
Since Leavitt and Steinberg algebras are rings with local units, in this note, we first generalise the concept of left SF-rings to the setting of rings with local units. We will show that if a Steinberg algebra of a graded ample Hausdorff groupoid, graded by an ordered group, with coefficients in a field is a left SF-ring, then the unit space of the groupoid is aperiodic (see Proposition 3.3) . Recall that the Steinberg algebra of a graph groupoid is isomorphic to the Leavitt path algebra of the graph [10] . The aperiodicity of unit space in this setting implies that the graph is acyclic. Combining this with the Abrams-Rangaswamy Theorem [2] , it follows that SF Leavitt path algebras are von Neumann regular rings, thus answering Ramamurthi's question in positive for the class of Leavitt path algebras.
The structure of this note is as follows. In Section 2 we generalise the concept of left SF-ring to the setting of rings with local units and extend equivalent statements for von Neumann regular unital rings to rings with local units. In Section 3, we first recall concepts of ample groupoids and Steinberg algebras of ample Hausdorff groupoids. Then in subsection 3.3, we give a certain necessary condition for a Steinberg algebra of an ample Hausdorff groupoid to be von Neumann regular. In subsection 3.4 we prove that for a Γ-graded ample Hausdorff groupoid G (i.e., the groupoid G equipped with a continuous 1-cocycle c : G − → Γ), if its Steinberg algebra is a left SF-ring, then the unit space G (0) is aperiodic. The conclusion in the case of Leavitt path algebras then follows.
Simple flat and von Neumann regular rings with local units
In this section, we generalise the concept of unital left (right) SF-rings and von Neumann regular rings to the setting of rings with local units and extend their characterisations into this setting.
The majority of calculus of Hom and tensor product in the setting of unital rings can be extended analogously to the setting of rings with local units. However the concept of left free modules should be replaced by left quasi-free modules (i.e., a direct sum of principal left ideals generated by idempotents). Therefore extending statements related to flatness from unital to local unital rings, although similar, requires a bit of care. For this reason in this section we shall establish some of the basic facts that we later need in the setting of rings with local units.
2.1. Simple flat rings. Let A be an associative ring (not necessarily with unit). A is called a ring with local units if for any finitely many elements a 1 , · · · , a n ∈ A, there exists an idempotent e ∈ A such that {a 1 , · · · , a n } ⊆ eAe. The book of Wisebaur [18, Chapter 10] is an excellent source for the treatment of rings with local units.
Let A be a ring with local units. A left A-module M is called unital if AM = M . We denote by A-MOD the category of all the left unital A-modules and by MOD -A the category of all the right unital A-modules.
The calculus of tensor products for rings with local units is similar to the case of unital rings. We demonstrate this with one example which we use in the paper. Since A has local units, there is an idempotent e ∈ A such that er i = r i e = r i , es j = s j e = s j for all i, j's. Therefore 
is injective (an isomorphism) for every (finitely generated) right ideal J ⊆ A; (4) N is a direct limit of projective modules in A-MOD; (5) N is a direct limit of finitely generated projective modules in A-MOD.
We are in a position to define the simple flat rings in the setting of rings with local units. We need an element-wise characterisation of SF-rings with local units (Theorem 2.6). For this we have to extend some results from the unital setting to rings with local units. (1) The left A-module A/I is flat; (2) For every x ∈ I, x ∈ xI.
Proof. Consider the short exact sequence 0 − → I − → A − → A/I − → 0 in A-MOD. Suppose that (1) holds. For every x ∈ I, xA is a right ideal of A. By Lemma 2.4, we have xA · I = I ∩ (xA · A). Since A is a ring with local units, for x ∈ I ⊆ A, there exists an idempotent e ∈ A such that x = xe = xee, implying x ∈ I ∩(xA·A). Thus x ∈ xA·I ⊆ xI, implying that (2) holds. Conversely, suppose that (2) holds. Take any right ideal J of A. By Lemma 2.4, we need to show that JI = I ∩ JA. Obviously, JI ⊆ I ∩ JA. On the other hand, for any x ∈ I ∩ JA, we have x ∈ I ∩ J. Since x ∈ xI, there exists y ∈ I such that x = xy ∈ JI. Thus I ∩ JA ⊆ JI.
As a direct consequence of Lemma 2.5 we have the following theorem which gives a characterisation of left SF-rings. This will be used in Proposition 3.3 to give a necessary condition for a Steinberg algebra to be a SF-ring. Theorem 2.6. Let A be a ring with local units. Then A is a left SF-ring if and only if for any left maximal ideal I of A and a ∈ I, there exists an element b ∈ I such that ab = a.
2.2.
Von Neumann regular rings. Von Neumann regular rings constitute an important class of rings. A ring A (possibily without unit) is von Neumann regular (or regular for short), if for any x ∈ A, we have x ∈ xAx. There are several equivalent module theoretical definitions for von Neumann regular rings when A is a unital ring, such as A is regular if and only if any module over A is flat. Goodearl's book [11] is devoted to this class of rings. In order to extend statements of unital regular rings to the setting of rings with local units, we need to recall quasi-free modules over a ring with local units, which play the same role as free modules over a ring with unit.
We call an A-module quasi-free if it is isomorphic to a direct sum of modules of the form Ae with e 2 = e ∈ A. With this definition there are analogous results as for free modules over rings with unit, such as:
(1) An A-module is in A-MOD if and only if it is an image of a quasi-free A-module.
(2) A module in A-MOD is finitely generated if and only if it is an image of a finitely generated, quasi-free A-module. (3) A module in A-MOD is (finitely generated) projective in A-MOD if and only if it is a direct summand of a (finitely generated) quasi-free A-module.
These facts will be used in Proposition 2.10. Next, we will show that for a finitely generated quasi-free A-module F , the unital ring End A (F ) is regular. We need the following lemma.
Lemma 2.7. [11, Lemma 1.6] Let A be a ring with unit. Let e 1 , · · · , e n be orthogonal idempotents in A such that e 1 + · · · + e n = 1. Then A is regular if and only if for any x ∈ e i Ae j , there exists y ∈ e j Ae i such that xyx = x. Lemma 2.8. Let A be a regular ring with local units and
is an isomorphism with e ∈ A an idempotent. Note that ϕ is surjective, since for any em ∈ eM there exists g : Ae − → M, ae → aem such that ϕ(g) = em. It follows that
as rings. Denote the matrix ring in (2.1) by A ′ and e i the elementary matrix with f i in (i, i)-th position and all other entries zero. Then e 1 + · · · + e n = 1 A ′ , where 1 A ′ is the identity for the matrix ring A ′ . Since A is regular, for any x ∈ f i Af j there exists y ∈ f j Af i such that xyx = x. It follows that for any x ′ ∈ e i A ′ e j there exists y ′ ∈ e j A ′ e i such that
We can now extend Theorem 1.11 of [11] to rings with local units.
Lemma 2.9. Let M be a projective module over a regular ring A with local units. Then any finitely generated submodule of M is a direct summand of M .
Proof. There exists a quasi-free module F = i∈I Ae i over A with I a set which contains M as a direct summand. Given any finitely generated submodule K of M , we claim that F has a finitely generated quasi-free direct summand G which contains K. Suppose that k 1 , · · · , k n are generators for K. We can write them as expressions k i = j a ij e ij in F with finitely many nonzero a ij ∈ A and ij ∈ I. We collect all the idempotents e ij 's which appear in the expressions of all the k i 's. We may set G = i j Ae ij , which is a finitely generated quasi-free direct summand of F containing K. It suffices to prove that K is a direct summand of G, then K is a direct summand of M , since K is contained in M . In order to prove that K is a direct summand of G, we take (1) ⇒ (3) Suppose that A is regular. Since any module in A-MOD is an image of a quasi-free A-module, if we show that for a quasi-free left A-module F and a submodule M of F , F/M is flat then (3) follows. Suppose K is a finitely generated submodule of M . By Lemma 2.9, K is a direct summand of F and thus F/K is projective. It is easy to see that F/M is a direct limit of the flat modules F/K, where K ranges over all the finitely generated submodules of M . Now thanks to Lemma 2.2 (1) and (4), F/M is a flat module in A-MOD.
Simple flat property for Steinberg algebras
In this section, we give a necessary condition for a Steinberg algebra associated to an ample Hausdorff groupoid with coefficients in a field to be a left SF-ring. Specialising to the graph groupoid case, we show that for Leavitt path algebras over a field SF-rings coincide with von Neumann regular rings. We briefly recall the notion of topological groupoids and Steinberg algebras.
Graded groupoids.
A groupoid is a small category in which every morphism is invertible. It can also be viewed as a generalization of a group which has a partial binary operation. Let G be a groupoid. If x ∈ G, d(x) = x −1 x is the domain of x and r(x) = xx −1 is its range. The pair (x, y) is composable if and only if r(y) = d(x). The set
is called the unit space of G. Elements of G (0) are units in the sense that xd(x) = x and r(x)x = x for all x ∈ G. For U, V ∈ G, we define
A topological groupoid is a groupoid endowed with a topology under which the inverse map is continuous, and such that composition is continuous with respect to the relative topology on G (2) := {(β, γ) ∈ G×G : d(β) = r(γ)} inherited from G × G. Anétale groupoid is a topological groupoid G such that the domain map d is a local homeomorphism. In this case, the range map r is also a local homeomorphism. An open bisection of G is an open subset U ⊆ G such that d| U and r| U are homeomorphisms onto an open subset of G (0) . We say that anétale groupoid G is ample if there is a basis consisting of compact open bisections for its topology.
Let Γ be a discrete group with identity ε and G a topological groupoid. A Γ-grading of G is a continuous function c : G − → Γ such that c(gh) = c(g)c(h) for all (g, h) ∈ G (2) ; such a function c is called a continuous 1-cocycle on G. In this case, we call G a Γ-graded groupoid and we write G = γ∈Γ G γ , where
We write B A subset U of the unit space
Given an element u ∈ G (0) , we denote by [u] the smallest invariant subset of G (0) which contains u. Then [17] in the context of discrete inverse semigroup algebras and independently in [7] as a model for Leavitt path algebras.
Let G be an ample Hausdorff topological groupoid. Suppose that R is a unital commutative ring. Consider A R (G) = C c (G, R), the space of compactly supported continuous functions from G to R with R given the discrete topology. Then A R (G) is an R-algebra with addition defined point-wise and multiplication is given by convolution
It is useful to note that 1 U * 1 V = 1 UV for compact open bisections U and V (see [17, 
where F is a finite subset of mutually disjoint elements of B co * (G). Recall from [10, Lemma 3.1] that if G = γ∈G G γ is a G-graded groupoid, then the Steinberg algebra A R (G) is a Γ-graded algebra with homogeneous components
The family of all idempotent elements of A R (G (0) ) is a set of local units for A R (G) ([6, Lemma 2.6]). Here, A R (G (0) ) ⊆ A R (G) is a subalgebra. Note that any ample Hausdorff groupoid admits the trivial cocycle from G to the trivial group {ε}, which gives rise to a trivial grading on A R (G).
Regularity of Steinberg algebras.
In this section we give necessary conditions for a Steinberg algebra to be von Neumann regular. The complete characterisation of regular Steinberg algebras is remained to be determined.
For an ample Hausdorff groupoid G, and a commutative unital ring R, we denote by RG the (classical) groupoid ring and by RG 
Proposition 3.1. Let G be an ample Hausdorff groupoid and R a commutative ring with unit. If A R (G) is regular then for any
. Now using (3.4) and (3.5) we can write φ
Substituting these in the above equation, we obtain xyx = x.
Based on the work of Auslander, Connell [9, Theorem 3] gave a complete characterisation of regular group rings as follows: A group ring RG is regular if and only if R is regular, G is locally finite and the order of any finite subgroup of G is a unit in R. Combining this with Proposition 3.1 we obtain a necessary conditions for a Steinberg algebra to be regular. We can use this to recover one direction of Abram-Rangaswamy theorem of regularity of Leavitt path algebras [2] (see the statement after Corollary 3.4).
3.4. SF property for Steinberg algebras. Throughout this subsection we work with a Steinberg algebras with coefficients in a field R. The main result of this section is Proposition 3.3 which gives a necessary condition for Steinberg algebras to be SF-rings. In order to do this, we need to consider certain simple modules of Steinberg algebras which was first considered in [4] in the graded setting. There is a function f U :
. Take a nonzero element x ∈ V . Fix nonzero elements r i ∈ R and pairwise distinct
Since G is ample, we can choose compact open sets B i ⊆ X i such that u i ∈ B i , for all i = 1, · · · , m. Now
We are in a position to state the main result of this section. We require our groupoid to be graded by a totally ordered group. In most applications the grade group is a torsion free abelian group. By [13] an abelian group can be equipped with a total order if and only if it is torsion-free. Proposition 3.3. Let G be a Γ-graded ample groupoid, where c : G → Γ is the cocycle, R a field and Γ is a totally ordered group. If A R (G) is a left SF-ring, then the unit space G (0) of G is aperiodic.
Proof. Let u ∈ G (0) and consider the orbit [u] and the free R-module R [u] . Consider the exact sequence of left
is a periodic element in the unit space. Then there is x ∈ G u u with c(x) = ε. Without loss of generality we can assume that c(x) = α > ε. Since G is ample, there is a compact open bisection V ⊆ G α containing x and a compact open set U ⊆ G (0) containing u. By replacing V by U V U we can assume that x ∈ V ⊆ G α and s(V ), r(V ) ⊆ U . We consider the element 1 U − 1 V ∈ A R (G). Then 
Since I is a left ideal of A R (G), 1 U i r i 1 Wi ∈ I, thus without loss of generality we can assume that r(W i ) ⊆ U for all i and
It follows that
We first show that c(W i ) ≥ ε for all i. If this is not the case, choose an W l with the smallest degree c(W l ). If
as c(V ) > ε by our assumption. Then comparing the both sides of (3.6), the left hand side has negative degrees whereas the right hand side are non-negative. This is a contradiction, so c( Again if V W i = ∅ then c(V W i ) > c(W i ). Choosing W l 's with the smallest degree, we have l r l 1 W l = 0 which gives that r l = 0. This is a contradiction. This forces b = c(W l )=ε r l 1 W l = 1 U ∈ I. But 1 U ∈ ker(φ) = I. Therefore u can not be periodic and thus the unit space G (0) of G is aperiodic.
We are in a position to specialise to the case of Leavitt path algebras. We briefly recall the groupoid of a graph. Let E = (E 0 , E 1 , r, s) be a directed graph (see [1] for conventions on graphs). We denote by E ∞ the set of infinite paths in E and by E * the set of finite paths in E. Set X := E ∞ ∪ {µ ∈ E * | r(µ) is not a regular vertex}.
Let G E := (αx, |α| − |β|, βx) | α, β ∈ E * , x ∈ X, r(α) = r(β) = s(x) .
We view each (x, k, y) ∈ G E as a morphism with range x and source y. The formulas (x, k, y)(y, l, z) = (x, k + l, z) and (x, k, y) −1 = (y, −k, x) define composition and inverse maps on G E making it a groupoid with G Proof. Since L R (E) ∼ = A R (G E ), where G E is a Z-graded groupoid, if L R (E) is a left SF-ring, then by Proposition 3.3, G (0) E has to be aperiodic. This immediately implies that E has no cycle. Thus by [2, Theorem 1], L R (E) is regular.
Using Corollary 3.2 one can immediately recover one direction of the Abram-Rangaswamy theorem of regularity of Leavitt path algebras [2] . Namely suppose that for an arbitrary graph E and a commutative ring R, L R (E) is regular. Since L R (E) = A R (G E ), then by Corollary 3.2, R is regular and E has no cycle, otherwise for the infinite path u = cc · · · , where c is a cycle, we have G u u ∼ = Z, which is a contradiction.
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